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Abstract
In this paper we discuss four early F-type variable stars whose
periods are an order of magnitude slower than known pulsators of
comparable luminosity. They cannot be stars undergoing simple ra-
dial pulsations. For one or more of these stars we can discount the
possibility that the variability is due to rotational modulation of star
spots, interactions with (or tidal distortions by) a close companion, or
obscuration by a rotating lumpy ring of dust orbiting the star. They
are certainly not eclipsing binaries. The only possibility left seems to
be non-radial pulsations, though this explanation involves difficulties
of its own. If they are indeed pulsating stars exhibiting non- radial
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gravity modes, they would be the first stars on the cool side of the
Cepheid instability strip in the Hertzsprung-Russell Diagram to be so
identified.
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“[W]hen you have eliminated the impossible, whatever remains, however im-
probable, must be the truth.”
– Sir Arthur Conan Doyle, The Sign of Four, chapter 6
Introduction
Once upon a time, a colleague of mine set some undergraduates to ob-
serving a particular variable star, using not one or two, but five comparison
stars. As luck would have it, all five of the comparison stars exhibited vari-
ability of differing periods, and the only constant star during the time of the
observations seemed to be the “variable” star itself! My rule of thumb is
that every star in the winter sky is variable with the exception of φ2 Orio-
nis and BS 1561, and if they too are shown to be variable, I shall give up
astronomical photometry.
I have come to this conclusion after noting that another region of the HR
Diagram has apparently bitten the dust as far as being a good place from
which to choose “safe” comparison stars.
Data on Four Stars
My particular nemesis has been an otherwise normal F0 V star, 9 Auri-
gae, which has exhibited photometric variability ranging nearly 0.1 magni-
tude over the past 6 years. As discussed in a recent paper1, 9 Aur A (the V
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≈ 5.0 primary of a multiple star system) does not have composition anoma-
lies, evidence of strong magnetic fields, a close hot companion (from IUE
data), or a close cool companion or circumstellar ring of dust (from infrared
UKIRT and IRAS data). Its period(s) of variability allow for the possibility
that the variability is due to rotational modulation of star spots, but it has
been noted2 that stars earlier than F7 V are too cool to exhibit extensive
spot areas.
Otto Struve would have said that if you study any star long enough,
you would uncover astrophysical anomalies,3 and it seemed that 9 Aur was
variable without any standard explanation. That is of no great importance
if the variations are a few hundredths of a magnitude and it only pertains
to a single star, 9 Aur. But very slowly I have learned of other stars with
photometric peculiarities similar to 9 Aur. In Table I we summarize certain
characteristics of four bright stars, all of which are early F stars on or just
above the main sequence. Undoubtedly, other stars of comparable tempera-
ture and luminosity will be found to vary similarly in brightness.
Now F stars are the transition case between hot, early- type stars which
have radiative envelopes, and cool, late- type stars, which have deep convec-
tive envelopes. The four stars in Table I are at or just outside the cool edge of
the Cepheid instability strip. Breger4 points out, however, that the “edges”
of the instability strip are not sharp edges – δ Scuti stars can be found out-
side the edges. Metallic line A- type stars and others with “peculiar” spectra
(the so-called Am and Ap stars) can be photometrically variable, but very
few stars of this general spectral type with normal spectra found outside the
instability strip are variable (see Fig. 1).
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It is well known that the most luminous stars in the Cepheid instability
strip have the longest periods, and that as one proceeds down the instability
strip to less luminous and hotter stars, the periods monotonically decrease.
Roughly speaking, the characteristic periods of δ Scuti stars (which are of
spectral type A and F and of luminosity class IV to V) are 1 to 3 hours.5
Assuming for a moment that the stars in Table I are δ Scuti stars, and
assuming the period- luminosity relation given by Breger4, from the absolute
visual magnitudes, the characteristic periods of the stars should be 42 to 95
minutes. The observed periods are roughly too long by factors of 5, 20 and
40 for HD 96008, γ Dor, and 9 Aur, respectively, so it is unlikely that the
stars are undergoing simple radial pulsations.
The relevant papers on HD 96008, γ Doradus, HD 164615 and 9 Aur have
a certain repetitive ring to them, because the authors discuss possible reasons
for the variability of these stars and keep eliminating possibilities until almost
none are left. While the rotational rate of HD 96008 has not been measured,
it is unlikely that spot modulation is the explanation. A period of 0.31
days and a stellar radius of 2 R⊙ implies an equatorial rotational speed of
about 330 km/sec, which is unlikely for a star that has sharp lines in its
spectrum.13 Also, there is the constraint2 that the star is too hot to have
extensive star spot areas. Furthermore, rotating spotted stars often show
evidence for active chromospheres, and none of these stars, to my knowledge,
shows such evidence.
All four stars exhibit smooth variations of brightness, so we can rule out
the possibility that they are eclipsing binaries. (The primary dip in the light
curve of an eclipsing binary occurs when the brighter star is being hidden
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by the fainter star. The duration of the primary eclipse is usually short
compared to the time between eclipses.)
Apparently, the period of HD 96008 is stable for years, and HD 164615
apparently also has a single, stable period. γ Doradus, however, has two
periods near 3/4 of a day.
9 Aurigae is less well behaved. In February of 1992 an observing cam-
paign was carried out by a number of observers situated at sites differing
widely in longitude. The reason for this, of course, is to eliminate the 1-day
alias in the power spectrum of the photometry. This is particularly impor-
tant for stars that vary on a time scale comparable to one day. Our results1
were not entirely successful. The resultant power spectrum of the data gave
a number of peaks that could be interpreted as the effect of aliases of two
principal periods, 1.277 days and 2.725 days.
Since work on that paper was completed I have received from Luis Balona
a piece of software that allows one to solve for the amplitudes and phases of
periodic signals in a data set, providing that one knows the frequencies. If
we reanalyze the 1992 data set and define the periodic signals by
Vi = Aicos2pi(fit + φi) ,
we find, for f1 = 0.782986, A1 = 0.0088 ± 0.0013 mag, φ1 = -0.1650 ± 0.0266,
and for f2 = 0.367025, A2 = 0.0094 ± 0.0014 mag, φ2 = 0.3780 ± 0.0237,
with t = HJD - 2448650.0.
Subtracting these two periodic signals from the data set gives the power
spectrum shown in Fig. 2. Thus, there could be a third sinusoid with fre-
quency 2.8628 day−1 (period = 0.349 days).
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If we assume that there are three bona fide frequencies present, the re-
sultant amplitudes are 0.0088, 0.0092, and 0.0079 magnitudes for the 1.277,
2.725, and 0.349 day periods, respectively. A beat pattern amongst the three
frequencies would give a range of 0.052 magnitude (= 2 times the sum of all
three amplitudes), which is about the mean range of the available photom-
etry. (Guiding errors and variations in atmospheric transparency make the
observed range larger than the “true” variations of the star.)
The appearance of the power spectrum in Fig. 2 (and more recent data
discussed below) increases my confidence that the 1.277 day period in par-
ticular is a true period. If I assume for a moment that the 1-day alias of the
1.277 day period (namely, 4.608 days) is the true period, and subtract that
and the 2.725 day period from the data set, the resultant power spectrum is
still a forest of lines.
In the winter of 1993 Ed Guinan obtained more differential photometry
of 9 Aur vs. BS 1561, using a 25-cm robotic telescope at Mt. Hopkins,
Arizona. The data of 31 January through 26 February 1993 UT fold very
nicely with the 1.277 day period (see Fig. 3). An analysis of the 1993 data
similar to that done for the 1992 data yields amplitudes of 0.0218 ± 0.0009,
0.0022 ± 0.0007, and 0.0023 ± 0.0008 mag, assuming periodic components
with periods of 1.277, 2.725 and 0.349 days. Thus the amplitude ratio of
the two principal frequencies in February 1992 was 1:1, but by February
1993 changed to 10:1. Even more confusing is that photometry obtained by
Guinan in early March of 1993, and data obtained by me in late March of
1993 does not phase up with the light curve shown Fig. 3, being out of phase
by 0.6 cycles. At face value 9 Aur appears able to vary at a given period,
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then stop altogether for a sizable fraction of a cycle, then resume varying with
the same period. If this is a real effect, it would make it impossible to tie
together data sets from different years. Suffice it to say that the photometric
behavior of 9 Aur is the least understood of the four stars in Table I.
Non-radial Pulsations
Pulsation theory confidently describes the behavior of stars in the Ceph-
eid instability strip undergoing simple radial pulsations. The least dense,
largest stars (supergiant Cepheids) pulsate most slowly, and the densest,
smallest stars (DA white dwarfs) pulsate most rapidly. Pulsations with
shorter periods than the fundamental radial mode are attributed either to
overtones of the fundamental radial mode, or to non-radial p-modes, where
“p” stands for “pressure”. In order to have variations much slower than the
fundamental radial mode, one must appeal to non-radial g- modes, where
“g” stands for “gravity”.
Non-radial pulsations are described mathematically by spherical harmon-
ics, such as those used in classic electrodynamics and quantum mechanics
texts. A spherical harmonic for a star is described by integral indices k, l,
and m, where k is the radial overtone number, l is the “degree” of the har-
monic, and m is the azimuthal index. The l index gives the total number of
nodal planes slicing the star’s rotation axis. The m index indicates the num-
ber of these nodal planes that contain the star’s rotational axis. For every l
there are 2l + 1 possible values of m (ranging from -l to +l). By convention
positive m values signify waves going in the direction of the star’s rotation,
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while negative m values signify waves running opposite that of the direction
of rotation.
For example, an l = 1, m = 0 harmonic is like a fat man pulling his
belt over his belly again and again. The belt does not stay up for long
and his belly keeps coming over the top. In the case of a star the northern
hemisphere slightly swells and gets brighter while the southern hemisphere
simultaneously shrinks and gets slightly fainter. Then the process reverses.
If we were observing such a stellar mode from the pole on direction, the star
would vary cyclically in brightness, and its radial velocity would also vary.
For the case of l = 1, m = ±1, there are two waves running around
the longitude lines of the star, with one wave running the direction of the
star’s rotation, and, simultaneously, another wave running in the opposite
direction. In this case if the star were viewed from the side, we would observe
brightness variations and radial velocity variations, while there would be no
observed variations due to the l = 1, m = 0 mode.
The cases of l = 1, 2, 3, and 4 are shown graphically by Winget and
Van Horn.14 The case of l = 6 is shown by Nather and Winget.15 Pesnell16
describes a movie that illustrates various non-radial pulsations. Cox5,17 gives
more general descriptions. The effect of the inclination of the star’s rotation
axis to the observer’s line of sight on the observed lines in the power spectrum
of a non-radially pulsating star is described by Pesnell.18
Simply put, a non-radial pulsator can exhibit many modes simultane-
ously, and whether or not one observes brightness and radial velocity vari-
ations depends on the mode (l and m), the angle of the star’s rotation axis
to the line of sight, and its limb darkening. Finally, rotation will split the
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lines for a given multiplet. For a given degree l, the largest positive value
of the azimuthal index (m = l) has the highest frequency (shortest period).
However, it must be noted that a star can damp out certain modes, so that
one does not necessarily observe what theory predicts.
The “classic” slow non-radial pulsator (i.e. a star undergoing non-radial
g-modes) is 53 Persei, classified B4 IV,19 which has a surface temperature of
about 16,000 K.20
Other stars that are presumed to exhibit non-radial g- modes are all
very hot. In the case of the DOV star PG 1159-035, which has a surface
temperature of 123,000 K, the power spectrum shows over 100 frequencies,
usually appearing as triplets and quintuplets. Winget et al.21 conclude that
the star is exhibiting non-radial g-modes with l = 1 and l = 2, which are
stimulated by radial overtones of order 20. (The spacings between multiplets
tell that more than one radial overtone is in action, but one cannot specify
exactly what values of k are involved.)
We note that PG 1159-035 and 53 Per are not found in the Cepheid
instability strip, and that DB white dwarfs (with temperatures of 30,000 K)
also show non-radial g-modes. There are no A, F, or G main sequence or
subgiant stars that have been shown to exhibit non-radial g-modes. (The
Sun, exhibits non-radial p-modes, and, I am told, is suspected of having non-
radial g-modes.)
Other than the anomalously long periods, what evidence do we have that
the stars in Table I might be non-radial g-mode pulsators? First of all, γ
Doradus exhibits two closely spaced periods. Since the whole surface of a
star usually has one “characteristic” rotational period, the two periods of γ
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Doradus are evidence against rotational modulation of some kind of spots
on that star’s surface. (The Sun, of course, has a rotational period that is a
function of latitude. In the case of γ Doradus it would take spots confined
to specific latitude bands, with differing rotational periods, to produce the
observed effect. Along these lines, Smith22 discusses the role of differential
rotation for non-radial pulsations of Be stars.)
Abt, Bollinger, and Burke11 measured 13 radial velocities of HD 164615,
which ranged 7.4 km/sec, but given the star’s line widths (owing to its rea-
sonably rapid rotation rate) and the internal errors, they concluded that the
star’s radial velocity was constant.
In ref. 8 we show a graph of 28 radial velocities of 9 Aur (with typical
errors of ±0.2 km/sec) obtained by Helmut Abt over a two hour period, in-
dicating essentially a constant radial velocity. There was clearly no evidence
for pulsations like those of a normal δ Scuti star, with a period of 1-3 hours.
However, as mentioned in ref. 1, radial velocities of 9 Aur in the literature, if
taken at face value, indicate a range of 6 km/sec. As a result, Roger Griffin
kindly obtained 20 radial velocities in February in March of 1993, using a
CORAVEL instrument at Haute Provence. While the fully reduced data will
not be available from the CORAVEL data base for some time, it can be said
that the radial velocity of 9 Aur does indeed seem to range 6 km/sec, and
vary on a daily basis. What we need next are radial velocities obtained at a
rate of one per hour for several (or many) nights running.
Another type of evidence in favor of non-radial pulsations comes from
high resolution spectroscopy. Non- radial pulsators will exhibit changing
line profiles, and the type of changes is indicative of the mode of non-radial
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pulsations.23
Coupry and Burkhart24 recently showed that 9 Aur can exhibit asymmet-
ric line profiles with blue wings, but they obtained only two spectra. While
obtaining his radial velocities of 9 Aur in February and March of 1993, Grif-
fin noted that the lines were sometimes asymmetric. When the fully reduced
data are available from the CORAVEL data base, we will be able to check
Griffin’s real-time impression more quantitatively.
Balona et al.25 relate that some spectra of γ Doradus by John Hearnshaw
exhibit varying line profiles indicative of an l = 2 non-radial pulsator.
I apologize for all the references to sporadically taken data, unreduced
data, unpublished data, and comments from private communications that
may not be proven true. But given the anomalously slow periods of the stars
in Table I, indications of line profile variations in two of them, and evidence
for radial velocity variations in one of them, the presently available data are
consistent with the notion that one or more of our stars in Table I are non-
radial g-mode pulsators. These would be the first cool stars (≈ 7000 K) so
identified.
Discussion
One of the biggest problems with understanding slow non- radial pul-
sators, be they hot stars like 53 Per or cooler stars like the F stars discussed
here, is the paucity of frequencies in the light curves. How can a star be
excited to pulsate from its k-th overtone, but not show frequencies from the
(k-1)-th and (k+1)-th? Could it be that density gradients or composition
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gradients within the star, coupled with its core rotation rate, damp out all
but one or two of the pulsational modes?22
To help substantiate the case that the stars in Table I are non-radial
pulsators, on the observational side we need the following:
1) Coordinated photometry by multiple observers situated around the
globe. Unfortunately, the stars in question are much brighter and have peri-
ods considerably slower than typical targets of the Whole Earth Telescope.15
2) Concentrated batches of radial velocities. This will be more easily
accomplished for 9 Aur and HD 96008, which have sharp lined spectra. (Also,
it would be a good idea to measure the rotation rate of HD 96008.)
3) Sequences of high resolution line profiles. This will be more easily
accomplished for γ Doradus and HD 164615, which have reasonably broad
lines.
4) It would be good if we knew of more than the four stars listed in Table
I. How many measurements of early-F dwarfs are there that photometrists
have thrown out of the data reduction because occasional observations were
a few hundredths of a magnitude “wrong”? Photometrists should scan their
memory banks and their observing notebooks for evidence of suspicious can-
didates, following up with more photometry to substantiate whether candi-
dates are bona fide variables. Some will be δ Scuti stars with periods of 1-3
hours. Some might have periods like our four stars described here.
On the theoretical side, we need realistic model atmospheres of F dwarf
stars, and a better understanding of non-radial pulsation theory. It is under-
stood that both of these subjects are non-trivial.
I find it simultaneously inspiring, humbling, and frustrating that stars
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only a little more massive than the Sun are variable in brightness but exhibit
no other obvious peculiarities. We say that we understand main sequence
stars, but here is yet another phenomenon that is unexplained.
Invoking the idea of Sherlock Holmes quoted at the start of this article, for
the time being we might assume that the stars discussed here are non-radial
pulsators. But if we can prove that these stars are not non-radial pulsators,
then we will have run out of sensible explanations. In that case we would
have to admit that our four stars have conspired successfully to confound us
completely, and we must put off solving the case until our understanding of
physics is much greater.
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Figure Captions
1. Incidence of variability of stars with known normal spectra. From
Breger (ref. 4). The positions of three of the four stars in Table I are
indicated by X’s. (HD 164615 does not have a color or absolute magnitude
available. We adopt Gliese’s26 absolute magnitude for 9 Aurigae.)
2. Power spectrum of 9 Aurigae data obtained from 31 January to 10
February 1992 UT, after subtracting 1.227-day and 2.725-day signals. This
indicates a possible third signal with frequency 2.8628 day−1 (period 0.349
days).
3. Differential photometry of 9 Aurigae vs. BS 1561 by Guinan in early
1993, using a 25-cm robotic telescope at Mt. Hopkins, Arizona. The data
are folded by the 1.277 day period.
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